A version of smooth K-theory is constructed, which is adapted to the total Chern class instead of the Chern character (contrarily to the theories considered in [1], [10] , [11] and [6]).
Bunke's question: the construction of the obtained "multiplicative smooth" Ktheory (the word "multiplicative" referring to the multiplicativity of the total Chern class) is presented in definition 14, and the total Chern class morphism with values in integral differential characters is obtained from theorem 30 below. The construction needs to elaborate a theory of multiplicative transgression: this is done in §2, using a modified addition on odd degree differential forms (see §2.1). The relation between usual and multiplicative transgressions is precised in theorem 13. The drawbacks of the theory exposed here are firstly that only K 0 -theory and not higher K-theories is constructed, and that the ring structure (coming from the additivity and the multiplicativity of the Chern character) is lost (because of the too complicated behaviour of the total Chern class under tensor product of vector bundles). The advantage is to obtain some characteristic class (total Chern class) with values in integral (i.e. nonrationalised) differential characters (in contrast with Chern characters).
Karoubi gave in [11] §7.19 some indications of how to construct a total Chern class from some of his multiplicative K-theories (defined using the Chern character) with values in some multiplicative cohomology (proved to be canonically isomorphic to Deligne cohomology). It is proved here in theorem 28 that there is some natural map from usual ("additive") smooth K-theory to multiplicative smooth K-theory, and in theorem 31 that Karoubi's total Chern class construction factorizes through this map.
As a by-product in [3] , a first attempt was made in this direction, with some technical mistakes. However, there are formal differences between the construction here and the attempt of [3] : they are detailed, (and the mistakes of [3] are corrected) in §3.6 below.
Finally let's note that a "multiplicative" counterpart of the Borel classes of [1] is constucted on multiplicative smooth K-theory (in definition 23) and its relation with the differential character valued total Chern class is explained (see lemma 29 and the last statement of theorem 30).
Multiplicative transgression:

Modified addition on odd degree differential forms:
Let M be some smooth manifold, denote the complex-valued differential forms on M by Ω
• (M, C), and Ω odd (M, C) dΩ even (M, C) by Λ. 
+ is associative, it induces a commutative law on Λ. It reduces to ordinary addition if one of the two summands is a cohomology class (a closed form in Λ).
Proof. . The associativity is obvious. The commutativity modulo exact forms too:
(α
The last statement is trivial. (the inverse of 1 + dα in the sense of power series is a finite sum).
We will need the following formulae (where α (1 + dα) ∧ (1 + dβ)
and the following result : let F and G be the power series defined by
Lemma 3. for any elements α, α ′ , β and β ′ ∈ Λ one has
Proof. Expand θ = α ∧ F (α)
, reduce to the same denominator and recombine the obtained terms: this yields
The fact that F (x) − e x F (−x) vanishes proves that the two variables power series F (x) − e x F (y) is divisible by (x + y). Let H(x, y) be the quotient, then
is an exact form. The firt equality is proved (as an equality in Λ). The second one is a consequence of the following equivalence
(it can also be proved in a similar manner as the first one). Proof. The square root is obtained from the classical series
Complex conjugation:
The same results hold for the multiplicative group of even (multi)degree cohomology whose zero degree part equals 1. The last assertion is a consequence of the unicity of the decomposition in cohomology.
The complex conjugation is compatible with ∩ + and for any α ∈ Λ, α ∩ + α is real (up to an exact form).
, then γ is said to be special imaginary.
There exists a special division by 2 in Λ in the sense that for any α ∈ Λ, there exists a unique β = 
With the notations of the lemma, one has
α is constructed recursively from its degree one part β 1 = Proof. In the first case, the (usual) imaginary part of α is obviously closed. In the second case, decompose α as in the preceding lemma, the conclusion follows from the fact that β ∩ + β is closed only if β is closed. This is proved inductively on the increasing degree parts of β.
Both decompositions (as special sum of a real form and a special imaginary form, or as product of a real form and a modulus one form) exactly correspond to each other by the map
Ordinary ("additive") transgression:
Let E be a smooth complex vector bundle on M . Any connection ∇ on E extends to an exterior differential operator d ∇ on smooth E-valued differential forms. The square of d ∇ is a nondifferential operator, namely the left exterior product by a degree two EndE-valued differential form known as the "curvature" of ∇ and denoted here by ∇ 2 . Chern-Weil theory associates to any conjugation invariant polynomial P on matrices a differential form P (∇ 2 ) which is closed, whose de Rham cohomology class is independent on the choice of the connection ∇, and which is functorial by pull-back. The polynomials considered here will be the total Chern class c tot (∇ 2 ) = det Id + 
verifies the following transgression formula
Moreover, P (∇ 0 , ∇ 1 ) depends on the choice of ∇ only through addition of an exact differential form, it is thus a canonical element of Λ. This transgression is additive in the sense that if ∇ 0 , ∇ 1 and ∇ 2 are connections on the same vector bundle, then in Λ (i.e. up to exact forms):
In particular,
. And if the polynomial P corresponds to some additive characteristic class (with respect to direct sum of vector bundles, as the Chern character for instance), then
if (∇ E,0 , ∇ E,1 ) and (∇ F,0 , ∇ F,1 ) are two couples of connections on the vector bundles E and F on M respectively, and ∇ E,0 ⊕ ∇ F,0 and ∇ E,1 ⊕ ∇ F,1 denote the associated direct sum connections on E ⊕ F . Moreover Lemma 9. If P and Q are two conjugation invariant polynomials on matrices, then P ∧ Q is one too, and one has the following equality in Λ:
Proof. The two right hand sides differ from d P (∇ 0 , ∇ 1 ) ∧ Q(∇ 0 , ∇ 1 ) so that they define equal elements of Λ.
Consider E ⊕ E, endowed with a direct sum connection, and the polynomial P ∧ Q, where P is evaluated on the curvature of the connection of the first copy of E in the direct sum E ⊕ E, and Q on the second one.
Of course P ∧Q is not conjugation invariant on End(E⊕E), but it is invariant under conjugation by elements of EndE ⊕ EndE, i.e. endomorphisms of E ⊕ E which respect the decomposition. This means that it can be evaluated on the curvature of any direct sum connection (which does not need to be the direct sum of twice the same connection on E).
With this restriction, the preceding theory works and there is a notion of P ∧ Q in this context. The equality above then follows from the possibility to calculate this P ∧ Q(∇ 0 ⊕ ∇ 0 , ∇ 1 ⊕ ∇ 1 ) with different connections on the bundle
If one first changes the connection on the first copy of E and then on the second copy, one obtains the first right hand side, if one puts on E ⊕ E = E ⊕ E the direct sum of twice the same connection on each copy of E, one obtains a differential form which is easily seen to equal P ∧ Q(∇ 0 , ∇ 1 ) in the sense of the first definition of P ∧ Q.
Finally, Chern-Simons transgression forms are locally gauge invariant: if g : E ∼ −→ E is a global smooth bundle automorphsm which is isotopic to the identity of E (i.e. smoothly homotopic throw isomorphisms), then P (∇, g * ∇) is an exact form; precisely, if g t is a smooth family of automorphisms of E
"Multiplicative" transgression:
This kind of transgression is adapted to conjugation invariant polynomials which are multiplicative with respect to direct sums and have a zero degree component equal to 1 (e.g. c tot ). Such a polynomial P can be inverted (in power series).
Definition 10. For two connections ∇ 0 and ∇ 1 on the same vector bundle E, put
Lemma 11. P verifies the following "multiplicative" transgression formula:
If ∇ 0 , ∇ 1 and ∇ 2 are three connections on E, then
Proof. (9) is a direct consequence of (5). (10) is a consequence of (6).
The following consequence of (10):
should replace the second equality in formula (9) of [3] (which is false there).
Lemma 12.
One has the following formula:
It was already stated as first equality in formula (9) of [3] (where it is true).
Proof. If P [>0] stands for the positive degree part of P then P = 1 + P [>0] and
∧i so that following lemma 9
The desired relation follows.
For a direct sum E ⊕ F , if P is multiplicative (with respect to direct sums as the total Chern class) then so is P −1 and (with notations as in (7)):
The local gauge invariance (8) also holds for multiplicative transgression forms,
−→ E is a global smooth bundle automorphsm which is isotopic to the identity of E, then P (∇, g * ∇) is an exact form. Finally, one has the following relation between additive and multiplicative transgression: let φ : Ω(M, C) −→ Ω(M, C) be the additive group morphism which multiplies degree 2k and degree 2k−1 differential forms by (−1) k−1 (k−1)!, and degree 0 forms by 0. Then Theorem 13. For any connections ∇ 0 and ∇ 1 on some same vector bundle
Using the fact that d • φ = φ • d when restricted to odd degree forms, the inverse formula follows (3):
Proof. Consider some connection ∇ on the pull-back of the bundle on M × [0, 1] with expected restrictions ∇ 0 and ∇ 1 on M × {0} and M × {1}. Call ∇ t the restriction to M × {t}. We will prove the equality for the couple (∇ 0 , ∇ t ) for all t by deriving it respect to t. Of course the equality trivialy hols for t = 0. Let ch( ∇ 2 ) = α t +dt∧β t where α t = ch(∇ 2 t ) and β t are t-depending elements of Ω(M, C). In one hand,
where F ′ is the derived power series of F . Up to an exact form, this equals
In the other hand, it was proved in [3] lemma 4.1 that c tot (∇ 2 ) = exp φ(ch(∇ 2 )) (for any connection ∇ on any bundle) so that
The desired equality follows the obvious relation
3 Smooth K-theory adapted to c tot :
Consider some triple (E, ∇ E , α) where ∇ E is a connection on the complex vector bundle E over M , and α ∈ Λ. If there is some vector bundle isomorphism f : E ∼ −→ F and if ∇ F is a connection on F , then the two following triples will be considered as equivalent:
In view of (10), this is intended to ensure the transitivity of this relation, namely if g : F ∼ −→ G is another vector bundle isomorphism (and ∇ G is any connection on the vector bundle G over M ), then
In the same way, the symmetry is ensured by (11):
is the quotient of the free abelian group generated by equivalence classes of triples as above by the following relation (for any vector bundle H on M with connection ∇ H ):
If as above f : E ∼ −→ F and h : H ∼ −→ K are vector bundle isomorphisms, then for any connections ∇ H and ∇ K on H and K:
(because of (12)). This proves the compatibility of relations (13) and (14) .
The functoriality of c tot by pullbacks makes * K 0 ctot to a contravariant functor from smooth manifolds to commutative groups.
Exact sequence:
Definition 15. For γ ∈ Λ and (E, ∇ E , α) one defines
Lemma 16. ι(γ) does not depend on the triple (E, ∇ E , α) used to compute it. γ −→ ι(γ) is a morphism from Λ endowed with the group law
Proof. Take any two elements (E, ∇ E , α) and (H,
The second statement of the lemma is obvious.
An element of K 1 top (M ) can be represented by some vector bundle ξ on S 1 × M whose restrictions to {pt} × M are topologically trivial for any point pt of S 1 . Choose any connection on ξ whose restriction to {1} × M is the canonical connection d on the trivial vector bundle ξ| {1}×M . The parallel transport along S 1 provides a global vector bundle automorphism ψ of ξ| {1}×M . The (suspended) total Chern class of ξ is the odd degree cohomology class defined by
odd (M, C) which can be extended to take its values in Λ, (the restriction to H odd (M, C) of the two group laws + and ∩ + coincide). Note however that if one adds to ξ a vector bundle η obtained by pullback from M (by the projection of S 1 × M onto the second factor) with pullback connection ∇ η , then from lemma 9, one obtains in Λ:
while from (10) and (12), one has (in Λ) for any connection ∇ on ξ| {1}×M
Thus c tot is much better adapted than c tot to represent the suspended total Chern class on K 1 top (M ) (as was already remarked in formula (15) of [3] ). Consider the forgetful map
(with value in the topological K-theory of M ).
Proposition 17. The following sequence is exact
Proof. The surjectivity of F is tautological. The nullity of F • ι is tautological. From (16), if α ∈ Λ lies in the image of Sc tot , then α = c tot (∇, ψ * ∇) for some connection ∇ on the trivial vector bundle on M as above (there the trivial vector bundle was ξ| {1}×M ). Denote this trivial bundle by C rkξ , then
vanishes because of (13) . Thus ι • Sc tot vanishes.
which proves the exactness at *
, then there exists some vector bundle G on M , endowed with some connection ∇ G , and a vector bundle isomorphism
, then there exists G on M , with connection ∇ G , and an isomorphism ϕ : 
Differential form valued total Chern class on
It follows from (1), (13) and (9) that this defines a map from * K 0 ctot (M ) to Ω even (M, C) (with no need of quotienting by exact forms). Moreover, it follows from (1) and (14) that this map is a morphism if Ω(M, C) is endowed with its multiplicative structure given by ∧.
Note also the following tautological properties:
They could be used in some attempt to axiomatize "multiplicative" smooth Ktheory in the same way as the corresponding "additive" theory is in [6] 
Of course b takes its values in MK
Proof. For an exact sequence of flat vector bundles as
This is a general fact for exact sequences which respect (flat or nonflat) connections and any conjugation invariant polynomial (see lemma 6 in [1] or proof of theorem 3.5 in [3] and combine it with the fact that any conjugation invariant polynomial vanishes on any strictly upper triangular matrix).
Borel-type class:
In this context of multiplicative transgression, there exists some equivalent to the Borel class defined in [1] §3.3.3.
Consider some smooth complex vector bundle E endowed with some connection ∇ and some hermitian metric h. One defines the adjoint connection ∇ * to ∇ with respect to h by the following formula
valid for any local sections s and s ′ of E and any tangent vector x to M , x.f being the derivative of the function f along the vector x. One also defines the connection
Lemma 22. 
Proof. If h 0 and h 1 are two different hermitian metrics on E, then choose any path (h t ) t∈[0,1] of hermitian metrics on E with expected h 0 and h 1 , and define for any t the bundle automorphism g t of E by
for any t, the adjoint ∇ * t of ∇ with respect to h t is equal to g −1 t ∇ * 0 g t so that ∇ * 1 and ∇ * 0 are gauge conjugate by the gauge g 1 which is isotopic to g 0 = Id E . Thus, from (8), c tot (∇ * 0 , ∇ * 1 ) and c tot (∇ * 0 , ∇ * 1 ) are both exact. The independence of the class of (E, ∇ * , α) on the hermitian metric follows (13) (and the facts that special addition of an exact form coincides with ordinary addition, and exact forms vanish in Λ).
The curvatures of ∇ and ∇ * are skew-adjoint, so that their total Chern class are mutually complex conjugates. The reality of * c tot follows.
This conjugation property extends to Chern-Simons forms (see (4)) (10) ) is special imaginary because of (11). B * (E, ∇, α) is special imaginary because special imaginary forms form a (special) additive subgroup for ∩ +. If f : E ∼ −→ F is a vector bundle isomorphism, put ∇ E on E and ∇ F on F and some hermitian metric h F on F . If E is endowed with the pullback metric (10) and (22) 
Proof. Of course
Finally, the adjoint of a direct sum connection with respect to a direct sum hermitian metric is the direct sum of the adjoint connections of each summand, the compatibility of B * with (14) then follows (12) .
∩ − B * is twice the imaginary part in * K 0 ctot since from (13) and (23):
The kernel of B * is the invariant subgroup of * K 0 ctot (M ) under the conjugation involution of definition 21. It is the subgroup generated by triples (E, ∇, α) where ∇ respects some hermitian metric on E and α is real. Proposition 26. The following sequence is exact
Nonfree multiplicative smooth K-theory:
Proof. This sequence is clearly a complex, since elements of MK 
Thus MK 0 ctot is homotopy invariant, while it is not the case of * K 0 ctot . Proof. Let's first prove that Λ G is isomorphic to Λ e G (by pull-back of differential forms by the projection M × [0, 1] −→ M ). The choices of G ± ensure that this pullback is well defined and injective. Now if α t + dt ∧ β t is such that α 0 = 0 and
∂t − dβ t ∈ G − for any t, and one has
Thus α t + dt ∧ β t ∈ G − + Imd and the surjectivity of the pullback follows. Similar arguments work for the case of H even (M, C) (Kerd ∩ G + ), and we can conclude using proposition 26 and the five lemma.
Former version (from [3]):
The version of this theory used in [3] (last remark of §4 in page 278) corresponds to the image of * K 0 ctot (M ) by this isomorphism:
The corresponding group with objects [E, ∇, β] (where β ∈ Λ as α), has the following relations, corresponding to (13) and (14) respectively:
(the second equality here should replace the erroneous formula just before the diagram in page 278 of [3] ). The map ι is here replaced by
(this should also replace the erroneous definition given four lines after the diagram in page 278 of [3] ). And the differential form valued total Chern class reads now:
The first line of (24) and (26) prove that this version of the theory is eligible as a "unstable" (but "free") multiplicative K-theory in the sense of [10] §4, the second line of (24) and (25) (which is compatible to the relation used to Karoubi because it is there used with trivial E with trivial connection d and for differential forms γ which are closed modulo the used subcomplex of the de Rham complex of M , see [10] DEFINITION 4.2) make it to a "stable" (but "free") multiplicative K-theory in the sense of [10] §5 with multiplicative total Chern class (26). The "nonfree" theory can then be defined in exactly the same way as here before; in the case considered in [3] , G + and G − are both direct sums of forms of type (p, q) such that p ≥ q.
See §4.4 below for the total Chern class with values in Hodge-Deligne cohomology sketched in [3] .
Multiplicative versus additive smooth K-theory:
Here I recall the definition of the "additive" smooth K 0 -theory (extended BunkeSchick's smooth K 0 -theory [6] ) as presented in [1] : as in the multiplicative case, objects are triples of the form (E, ∇ E , α) where ∇ E is a connection on the complex vector bundle E on M , and α ∈ Λ. If f : E ∼ −→ F is a vector bundle isomorphism, then (E, ∇ E , α) and F, ∇ F , α + ch(∇ E , ∇ F ) are equivalent.
is the quotient of the free abelian group generated by such equivalence classes of triples, modulo the folowing relation :
The counterpart of proposition 26 is the exactness of the following sequence:
where the last morphism is the obvious forgetful map, Sch is the suspension of the Chern character on K 1 top constructed as in the paragraph preceding (15), and a is defined by a(α) = (E, ∇, α) − (E, ∇, 0) (for any E and ∇, a is the notation of [6] , the notation used in [10] 
Remember the definition of F from (2) and the definition of φ from just before theorem 13, and consider the maps
Lemma 2 and the fact that φ is an automorphism of Λ endowed with + and commutes with d when restricted to odd degree forms, prove that ψ F is an isomorphism from Λ endowed with + to Λ endowed with ∩ + whose inverse is
(G was defined in (2)). The following result is a consequence of theorem 13
Theorem 28. * ψ F is an isomorphism, and the following diagrams commute
(For the square with B, the point is that ψ F (α) = ψ F (α). For the square with * c tot , the point is that 1 + d(ψ F (α)) = exp •φ(dα)). The advantage of K 0 ch is that it can be endowed with an easily expressed product structure (see [6] 
(this is much less easy for * K 0 ctot !). However, * K 0 ctot can be endowed with a total Chern class with values in integral Cheeger-Simons differential characters (see the next section). In fact, the denominators in the Chern character limit its target space to rational differential characters only: see [6] §6. This is the reason why Karoubi used the total Chern class in [11] §7.19 to obtain a class in nonrationalised Hodge-Deligne cohomology (see §4.4 below). The "calcul symbolique" he alludes to corresponds to the above defined isomorphism * ψ F .
Another drawback of * K ctot is that it only works (until now) at the K 0 level. Finally, "nonfree" additive smooth K 0 -theory ch −1 (F + ) a(F − ) can be constructed from additive subgroups F + of Ω even (M, C) and F − of Λ, such that Cheeger and Simons' differential characters H • (M, R/Z) were defined in [7] as the singular cocycles with values in R/Z whose restrictions to boundaries are R/Z reductions of cocycles lying in the image of real valued C ∞ differential forms by integration on chains.
We will consider C/Z valued objects here. Let Λ even 0 denote the space of closed even-degree differential forms whose de Rham cohomology class is integral, the two first exact sequences of [7] theorem 1.1 read here
Here the graduation convention on H is the one of [7] , in spite of the fact that the nowadays usual one is shifted by one with respect to it. In fact both lines are graduated, in the sense that they decompose to direct sum of lines with the same grading on the two left terms, and the same plus 1 on the right term. In particular
There is a multiplicative structure * on differential characters, whose unity is 1 ∈ H −1 (M, C/Z) ∼ = H 0 (M, Z) and for which δ 1 and δ 2 are ring homomorphisms. It is a consequence of formula (1.15) in [7] that for any α ∈ Λ and any f ∈ H odd (M, C/Z), one has
In particular, Λ/H odd (M, Z) is an ideal in H odd (M, C/Z) and for any α and β ∈ Λ:
As a consequence of this, one obtains
In particular 1 + ι 2 (α)
The initial theory of differential characters [7] is a real theory H odd (M, R/Z) from which the complex theory is obtained by adding (as direct sum) the space i ImΛ of odd degree purely imaginary differential forms modulo exact forms:
i ImΛ enters as a direct summand in the left term of the second line of (28), and as
, it gives rise to the following exact subsequence of the first line of (28)
The decomposition (31) is considered as a decomposition in real part ⊕ imaginary part, and it gives rise to some obvious "complex conjugation" involution of H odd (M, C/Z) which will be classically denoted by f −→ f . It follows (29) and a straightforward calculation that the conjugation is compatible with the product * , and thus with the inverse. It is also obviously compatible with ι 1 , ι 2 and δ 1 . Finally δ 2 (f ) = δ 2 (f ) for all f .
Product decomposition:
Consider now the subset
consisting of elements of the form 1 + f with f of positive multidegree. It is a commutative group for the law * , and δ 1 is a group morphism from it to Ω [+] (M, C) (with group law ∧). In the same way δ 1 is a morphism from it to 1 + ⊕ k≥1 H 2k (M, Z) with the cap product as group law.
The counterpart of the exact sequences (28) read 
In particular, it follows from (30) that 1 + ι 2 (β) is of modulus one in the sense that 1 + ι 2 (β) * 1 + ι 2 (β) = 1 (using the complex conjugation from (31) on H odd (M, C/Z)), so that the decomposition of the lemma corresponds to some decomposition of the same kind as at the beginning of §2.2. However, there may be some elements in H [+] (M, C/Z) which are simultaneously real and of modulus 1 (because of torsion in H
• (M, Z) and H • (M, C/Z)) so that a decomposition as a product of a real and a modulus 1 element may be nonunique without the constraint that the modulus 1 element be of the form 1 + ι 2 (β).
Proof. Let f ∈ H [+]
(M, C/Z), then δ 1 (f ) decomposes uniquely as ρ ∧ θ with ρ real and θ of modulus 1 in Ω [+] (M, C). From the last statement of lemma 5 and lemma 8, one obtains the existence of some special imaginary α ∈ Λ such that 1 + dα = δ 1 1 + ι 2 (α) = θ. It then follows that ρ = δ 1 f * 1 + ι 2 (α) −1 .
Denote by γ ∈ i ImΛ the imaginary part in the sense of decomposition (31) of f * 1 + ι 2 (α) −1 . Of course γ is a closed form (see (32)) and so is γ ∧ ρ −1 .
One then defines β by β = α + γ ∧ ρ
Any closed purely imaginary form is special imaginary in the sense of §2.2, so that β is special imaginary itself. Then using (29) and (30), one obtains the reality of
This proves the existence of the decomposition. The uniqueness is due to the fact that any nonvanishing special imaginary form has a nonvanishing (nonspecial) imaginary part, and from the exact sequence (32), which together prove that no element of H odd (M, C/Z) can be simultaneously real, different from 1, and of the form 1 + ι 2 (β) with β special imaginary. Proof. There is a theory of characteristic classes for vector bundles with connections with values in differential characters developped in §2 (especially theorem 2.2) and §4 (for the total Chern class, which is called there "Chern character") of [7] . However, there is some ambiguity in [7] because the authors use real differential characters, and seem to construct a class for any connection. In particular, they do not precise which classifying space ( [12] or [13] ) they use. It is possible to use [12] only for connections which respect some hermitian metric, and in this case, the Chern-Weil total Chern class is a real form, and
Definition of the class:
and Sc tot induces an isomorphism between K where ch − rk is the difference of the Chern character of [6] §6 and the rank.
Finally, taking G + and G − as in §3.5, one can define a "multiplicative cohomology" group as MH G (M ) = δ + and G − to be the sums of (respectively even and odd degree) differential forms of type (p, q) with p ≥ q and with degree 0 component equal to 1 for G + . Bearing in mind that here the total Chern class only on degree 0 K-theory is treated, this provides the "multiplicative" counterpart of the example given in [11] § §7.12-19 (and also [4] lemma 2, where it appears as a quotient of a subgroup of "restricted" differential characters, or [8] formula just before (8) and theorem 2.3; there are corresponding constructions in [14] . Some of these constructions generalise to the quasiprojective or noncompact analytic cases, which are not considered here because I do not want to consider logarithmic forms on noncompact manifolds). The obtained MH G coincides with the multiplicative subgroup of Hodge-Deligne cohomology consisting of objects whose 0-degree component equals 1, and the morphism induced by 
